§1. Introduction
The aim of this note is to prove a structure theorem for projective varieties with nef anticanonical divisors (the Main Theorem). In [18] , we have shown that if X is smooth and −K X is nef, then the Albanese map Alb(X) is surjective and has connected fibers. In this note we apply the techniques which have been developed in [2] , [14] and [19] to prove the following;
Main Theorem. Let X be a projective variety and D be an effective divisor on X such that the pair (X, D) is log canonical [10] and −(K X + D) is nef. Let f : X − −− > Y be a dominant rational map, where Y is a smooth variety. Then
(1) Either Y is uniruled or (2) The Kodaira dimension κ(Y ) = 0 (in fact we have κ σ (Y ) = 0) [14] .
Moreover in this case, f is semi-stable in codimension 1.
Remark 1: When X is smooth and f is a morphism, the Main Theorem was essentially proved in [18] by using the relative deformation theory and the mod p reduction methods. However, the proof we present here is new and is completely different in nature.
Applying the Main Theorem to the maximal rationally connected fibration of X [3] , [11] and using a result of Graber-Harris-Starr [7] , we obtain the following: Corollary 1. Let X ba a projective variety and D an effective divisor such that the pair (X, D) is log canonical and −(K X + D) is nef. Then X is birationally equivalent to Z with f : Z → Y such that (1) Z is a smooth projective variety and f is a fiberspace map which is also semi-stable in codimension 1. 
Remark 2:
In the statement of Corollary 1, I believe that Y should be birational to a variety W with log canonical singularities and K W being numerically trivial.
Corollary 2. Let X ba a projective variety and D an effective divisor such that the pair (X, D) is log canonical and −(K X +D) is nef. Then the Albanese map Alb X : X → Alb(X) is a fiberspace map which is also semi-stable in codimension 1.
Remark 3: A conjecture of Demailly-Peternell-Schneider [6] predicts that when X is smooth and −K X is nef, the Albanese map should be a smooth morphism. When dimX = 3, this has been verified by Peternell-Serrano [15] .
Corollary 3. Let X be a log canonical projective variety with −K X is nef. Let g : X → W be the nef reduction of −K X [5] , [16] . Then W is uniruled.
Remark 4: F. Campana [4] and S. Lu [12] had shown that if X is an orbifold and −K X is nef, or X is a special variety, then κ(Y ) ≤ 0. Our focus however, is on the uniruledness of Y .
Remark 5: When dimX ≤ 4 and −K X is nef, we can easily derive some (rough) classification results for those varieties from Corollaries 1-3. A complete classification of such threefolds was given in [15] .
The tools we shall use in the proof of the Main Theorem are the theory of weak (semi) positivity of the direct images of (log) relative dualizing sheaves f * (K X/Y + ∆) (which has been developed by Fujita, Kawamata, Kollár, Viehweg and others) plus the notion of the divisorial Zariski decomposition [1] , [14] . Also, some results in [2] are crucial to the proofs. §2. Proofs
Before we start to prove the Main Theorem and Corollaries 1-3, let us first give some related definitions.
Definition 1 [10] . Let X be a normal projective variety of dimension n and K X be the canonical divisor on X. Let D = a i D i be an effective Q-divisor on X, where D i are distinct irreducible divisors and a i ≥ 0. The pair (X, D) is said to be Kawamata log terminal (klt) (resp. log canonical) if K X + D is a Q-Cartier divisor and if there exists a desingularization (log resolution) f : Z → X such that the union F of the exceptional locus of f and the inverse image of the support of D is a divisor with normal crossing and
with e j > −1 (resp. e j ≥ −1). We say X is Kawamata log terminal (resp. log canonical) if (X, 0) is.
Definition 2. Let X be a normal projective variety of dimension n and K X be the canonical divisor on X. We say X is a Q-Gorenstein variety if there exists some integer m > 0 such that mK X is a Cartier divisor. A Q-Cartier divisor D is said to be nef if the intersection number D · C ≥ 0 for any curve C on X. D is said to be big if the Iitaka-Kodaira κ(D) = dimX.
Proof of the Main Theorem. The proof is quite similar to the proof of Proposition 1 in [19] .
Resolving the indeterminacy of f and taking a log resolution, we have a smooth projective variety Z and the surjective morphisms g : Z → Y and π : Z → X such that
with e i ≥ −1, where E i is a divisor with normal crossing.
We may also assume that SuppA + ∪E i is a divisor with simple normal crossing and the pair (X, A + {−e i }E i ) is log canonical. Let ∆ = A + {−e i }E i . We have
where m i = ⌈e i ⌉ are non-negative integers (where {, } is the fractional part and ⌈, ⌉ is the round up. By the same arguments as in [19] (use the semi-stable reduction theorem, the covering trick and the flattening of g), there exists a finite morphism p : Y ′ → Y and the induced morphism g
By the ramification formula and the fact that the relative dualizing sheaves are stable under the base change. We have [19] .
V is an effective Cartier divisor which is g ′ -vertical (V contains the divisors from the multiple fibers of g). (3) G is also Cartier and q • π-exceptional.
The following weak positivity theorem is a generalization of a result due to Kawamata [8] , [9] and Viehweg [17] , and it was proved by Campana [ Since all the g ′ -horizontal divisors E ′ k ′ and q * (δL) have non negative coefficients,
is torsion free and weakly positive. Thus there exists an integer n ∈ Z >0 such that
is generically generated by global sections for some n > 0. This implies that there is a divisor B on Z ′ with codimg ′ (B) ≥ 2 and an inclusion
is effective (see [19] ).
On the other hand, we can choose a family of general complete intersection curves C on Z ′ such that C do not intersects with the exceptional locus of Z ′ → X (such as E ′ k ′ ,G and B), e.g.,pull-back the general complete intersection curves from X.
Thus we have C ·g
, there exists a covering family of curves [13] . Let us assume that C ′ · g * K Y = 0 (in particular, V = 0 and f is semi-stable in codim 1), and Y is not uniruled.
By a result in [2, Corollary 0.3], K Y is pseudo-effective. Let K Y ≡ P + N be the divisorial Zariski decomposition of K Y , where P is the positive part (nef in codimension 1) and N is the negative part (an effective R-divisor) [1] , [14] . Since the family of the curves g(C ′ ) also forms a connecting family Proof of Corollary 1. : Let C be a general complete intersection curve on X. If C · K X = 0, then K X is numerically trivial and hence κ(X) = 0. Let us assume that C · K X < 0. Then X is uniruled and there exists a non-trivial maximal rationally connected fibration f : X − −− > Y [3] , [11] . By a result in [7] , Y is not uniruled if dimY > 0. If Y is a point, then X is rationally 
